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ABSTRACT

A recent development in data envelopment analysis (DEA) concerns the introduction of a piece-wise linear
representation of the virtual inputs and/or outputs as a means to model situations where the marginal value
of an output (input) is assumed to diminish (increase) as the output (input) increases. Currently, this approach
is limited to crisp data sets. In this paper; the authors extend the piece-wise linear approach to interval DEA,
i.e. to cases where the input/output data are only known to lie within intervals with given bounds. The authors
also define appropriate interval segmentations to implement the piece-wise linear forms in conjunction with
the interval bounds of the input/output data and the authors propose a new models, compliant with the interval

DEA methodology. They finally illustrate their developments with an artificial data set.

Keywords: Crisp Data Sets, Data Envelopment Analysis (DEA), Interval DEA, Marginal Value, Piece-
Wise Linear Approach, Piecewise Linear Virtual Inputs/Outputs
INTRODUCTION analysis is linear programming. Performing a

Dataenvelopmentanalysis (DEA)istheleading
technique for assessing the efficiency of deci-
sion making units (DMU) in the presence of
multiple inputs and outputs. The two milestone
DEA models, namely the CCR (Charnes et al.,
1978) and the BCC (Bankeretal., 1984) models
have become standards in the literature of per-
formance measurement. Recentapplications of
DEA include, among others, those of Mahdavi et
al. (2008), Martinand Roman (2010), Pramodth
etal. (2008) and Sufian (2010). The underlying
mathematical instrument for performing the
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typical DEA analysis means solving a series
of linear programs, one for each DMU. Ef-
ficiency is measured in a bounded ratio scale
by the fraction ‘weighted output’ to ‘weighted
input’. The inputs and outputs are assumed
to be continuous positive variables and the
weights are estimated through the associated
linear program in favor of the evaluated unit
so as to maximize its efficiency.

Focusing on the outputs, an output measure
multiplied by the associated weight is called
virtual output. The summation of the virtual
outputs over all the output dimensions, called
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total virtual output, forms the numerator of the
efficiency ratio. A typical interpretation of the
weights is that they represent marginal values
of outputs. In this manner the virtual outputs
can be conceived as linear partial value func-
tions and the total virtual output as an overall
additive value function. According to Dyson et
al. (2001) the linearity assumption underlying
the virtual outputs might be unjustifiable in
cases where the marginal value of an output
diminishes as the output increases. Recently,
Cook and Zhu (2009) and Despotisetal. (2010),
motivated by applications involving non-linear
virtual outputs, proposed a piece-wise linear
representation of the partial value functions as
ameans to model the situation where particular
outputs exhibitdiminishing returns. Despotis et
al. (2010) showed that ordinary DEA models
can be used to perform the efficiency assess-
ments by appropriately introducing additional
input/output dimensions in the original data set.

Inthis paper we extend the piece-wise linear
approach in interval DEA to fit the case where
the DEA efficiency assessments must be per-
formed on the basis of input and/or output data
that are only known to lie within intervals with
given bounds (interval data). We reformulate
the partial value functions (virtual inputs and
outputs) by introducing additional input/output
dimensions to obtain anaugmented data set that
will form the basis for interval efficiency assess-
ments. The rest of the paper unfolds as follows.
In the second section we revisit the piece-wise
linear DEA models as applied on crisp data to
present a simplified formulation, which will
be the basis for our new developments. In the
third section we provide a brief description of
the interval DEA models proposed by Despotis
and Smirlis (2002). In the fourth section we
provide our main developments that extend
the piece-wise linear DEA approach to interval
DEA and we formulate appropriate models
capable of estimating lower and upper bound
efficiencies when inputs (outputs) exhibit
increasing (diminishing) returns. In the fifth
section we illustrate our new developments
with an artificial data set. The paper ends with
some concluding remarks.

DEA MODELS WITH
NON-LINEAR PARTIAL
VALUE FUNCTIONS

Consider the following input-oriented CCR
DEA model (multiplier form) with n DMUs,
m inputs and s outputs, where y, denotes the
level of the output  (r =1,..., s) produced by
the DMU j (=1....,n), x,, denotes the level of
the input i (i=1,..., m) consumed by the DMU
Jj and the variables u=(u, r=1,...,s) and v=(v,
i=1,...,m) are the unknown weights attached to
the outputs and the inputs respectively:

S
maxh = E uY .
Jo - rorj,

p—

s.t.
m

vy, =1
i1,
i=1

ZuTyTj _Zvi% <0, j=1...,n
r=1 i=1

u v, >0 Vr,1

(1

Model (1) estimates the relative efficiency
hj of the evaluated DMU j, and is solved re-

peatedly for every DMU j,5 =1,...,n. Let
UT(y”,) ,r=1,...,8 and Ui(xj) gd=1..m

denote the virtual outputs and inputs for unit ;
respectively. Then

s

UY) =SU.(5,) = uy, 3)
and
U(X) =3 0,(z,) =3 e, @)

i=1 i=1

are the total virtual output and input respec-
tively for unit j, which are linear functions of
the weights.

Recently, Cook and Zhu (2009) and Des-
potisetal. (2010) relaxed the linearity assump-
tion in DEA by introducing a piece-wise linear
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representation of the virtual inputs and outputs.

max

Setting y™" and ™ at the levels of the lowest
and the highest observed values of output r

min max ]

respectively, they split the interval [y™" 4
into successive and non-overlapping segments
by taking a number of breakpoints and then
assigned a different weight for each segment.
Restrictions on the weights are then imposed
to drive the concavity or the convexity of the
value functions.

For the clarity of the presentation, we
simplify the models introduced in Despotis et
al. (2010), by assuming only one breakpoint

min

y’ . that splits the range of values of output r in
IIIHX:I

) y?]v (yfy Y,
Figure 1 depicts a typlcal linear value function,
as assumed in the original DEA model (line a),

two sub-intervals [y

increasing returns beyond the threshold y ’ (line
segment b) and diminishing returns beyond the
threshold y' (line segment c).

On the basis of the above segmentation,

min max }

the output valuey . € [y™,y"™] of any unit j
is decomposed in two parts and is expressed as
_ sl 2 .
Y, = 6T]. + 6T]. , where:
s U 10, € ™, v
] o max 1’
! Tﬁ%Eer]

62 0 if y’f € [yl ’ y,”]

Ty, ity ey

In this manner, the partial value U (y, ) is

modeled in a piece-wise linear form:

UT(y Y=u_ 6 +u b (%)

17 1) 27 1]

where u  and u, are the distinct weights as-
sociated with the two sub-intervals.

In general, the nonlinearity assumption is
applicable or desirable for particular outputs
only (nonlinear outputs), with the rest of them
complying with the linearity assumption. With-
out loss of generality, we assume that the first
d (d<s) outputs are linear and the rest of them
(i.e. forr =d+1,...,s) nonlinear. Then the
total virtual output (3) takes the following form:

Zuym 3 (w8 +u,8)

r=d+1

The virtual inputs are modeled analo-

gously. Indeed, if [z] is the interval

min !Ild);]
defined by the minimum and the maximum
values of input 7 and mf’ is the breakpoint that
splits this interval in two segments, the input

min HldX ]

value S ] of any unit j is decom-

posed in two parts x” = *y“ + fy”, where:

—

, iz, €z ]
v, = Y '
R Ei S (:c T

max]’

Figure 1. Piece-wise linear value function for output r
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0 if z, €[z, ]

max ]

K z, —a) if z, e(m T,

and the virtual input U (z

piece-wise linear function:

) is modeled as a

Ulz,)=

AN

UV U (6)

wherev, andv,, are the input weights associated
with the two sub-intervals. Then the total virtual
input (4) is given by the following equation:

Zv
117

(v, +v,77)

i=t+1

where the first 7 inputs are assumed linear and
the rest of them non-linear.

Imposing the homogeneous restrictions
u,—cu, >0 (c >1) on the weights u
and u_, the value function (5) is restricted to
be concave. Similarly, the relations
—v, +v,2, >0 (0 <z <1),ontheweights
v, and v, restrict the value function (6) to be
convex.

The formulations presented above trans-
form the original data set into an augmented
data set by decomposing each one of the
non-linear inputs and outputs in two auxiliary
linear inputs and linear outputs respectively.
This transformation allows us to perform the
efficiency assessments without drawing away
from the grounds ofthe standard DEA methodol-
ogy. The model (7) below is a piece-wise linear
DEA model with weight restrictions imposing
concave value functions for outputs and convex
value functions for inputs. As the inputs are in
the denominator of the efficiency ratio, convex
value functions penalize the excess inputs.

maxh, =U(Y,)
Jo Jo
s.t.
U(X7“) 1
uy)— U(X]) ji=1.
d
Zu Yy, + Z (u 1571/ + uuéfj)
r=d+1
U(X]) = Zvl ij + Z ll’yu + Uzz%])
i=1 i=t+1
u, —cu,>0,r=d+1..,5 (c, >1)
—v, +v,2, >0, i=t+1...m (0<z <)
u,v, 20 r=1..,di=1..1
U UV >0 r=d+1..s8i=t+1....m

r1? Tr2? Ll’ 12 -

™)

AN INTERVAL DEA PRIMER

In interval DEA, the inputs and the outputs are
only known to lie within intervals with given
positive lower and upper bounds, i.e.
Thus the

original DEA model (1) becomes non-linear as
the inputs and the outputs are treated as
bounded variables rather than as constants.
Since the seminal paper of Cooper etal. (1999),
anumber of approaches have been proposed to
deal with imprecise data in DEA- a broader
spectrum of data variants such as crisp, interval
and ordinal data (e.g. Despotis & Smirlis, 2002;
Entani et al., 2002; Zhu, 2003; Wang et al.,
2005; Jahanshahloo et al., 2009; Kao, 2006;
Shokouhi et al., 2010, among others).
Despotis and Smirlis (2002) introduced
the notion of interval efficiency assessments in
DEA that is, for each DMU, a lower and an
upper bound of the efficiency scores is esti-
mated. They transformed the aforementioned
nonlinear DEA model to a linear equivalent by
applying simple variable transformations. Then
they showed that the upper efficiency bound

T, € [mé,mg] andy, € [yfj,yf;] .

hf and the lower efficiency boundh are

obtained by the following couple of standard
DEA models respectively:
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Upper efficiency bound

U $ U
maxh, = g uy
o r=1r77j,
S.t.
m L
E Cvx. =1
i=1 i1,
El U m L
E uyvfgv vr, <0
r=1 197j i=1 1 i

s I m U . L 3
Zr:luryvy - Ziz1vixq < 0’-7 - 1""”’] = ]0
u,v, >0 Vi

®)
Lower efficiency bound

L § L
maxh’ = g u Y
Jo r=1 1971
s.t.
m 7
E Twz’ =1
i=1 1 1,
s L m L(
E uy. — E vr, <0
r=1r97j i=1 i1,

s U m L . oA .
Zrzluryﬁ —lelvlzi] <0,5=1...,m75=7,
u,v, >0 Vri

)

Models (7)-(9) above are the basis for our
new developments in the next section.

MODELING PIECEWISE
LINEAR VIRTUAL INPUTS/
OUTPUTS IN INTERVAL DEA

To model the piecewise linear virtual outputs
wheninterval dataare considered, letus introduce
the following notation for an interval output

min

measure r: Y.

max U

y," =max{y,,j =1..,n} denote respec-

= min{yé,j =1,..,n}and

tively the minimum lower bound and the maxi-
mumupper bound over the interval observations

of output  for all DMUs. Let y” € [y™",y""]

be a given threshold value beyond which the
outputrexhibits diminishing returns. The thresh-

oldy’ splits the interval [y™", 4™ ] of output r

min

in two sub-intervals [y

max ]

,y,] and (y),y!
The value function for output 7 is then assumed
linear in each sub-interval and piecewise linear

over [y™",y"*]. The relative position of the
interval output [y, 3] of any unit,j with regard
to the threshold value y is depicted in Table 1.

Employinginterval arithmetic, the interval
[y, ] can then be decomposed in two sub-

intervals as follows:

Table 1. Relative positions of [y;, yg] with regard to the threshold y’

Case o Condition
Position relative to the threshold value y_
B
J;m_ - [y el .y 7 ] |‘;l }Irmnx
] v Yy ¥ U 0
(i) v, <Y,
EloidF
v ¥y v L 0 U
(i) Yy SY. S Y,
E T
::?m - I[‘,y bl ./V bt il]!rmm
¥ y?’ v 0 L
(i) Y. <Y,
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ly.y]=
[y., ;1 +10,0] if y, <y,
o,y 1+10y) =y ] ify, <y <y,

Wy 1+ v — v — )] if y' <y

On the basis of the above segmentation,
each output interval [y”,y"] is decomposed in
two intervals [617@., 61:]].] and [525., 62?}.] , pre-
sented in Box 1.

In this manner the original interval data
set is transformed to an augmented data set by
decomposing each interval output measure intoa
couple of auxiliary interval output measures, to
which distinct weights u , and u_, are assigned.

The treatment of interval inputs is quite

[fylf],, 3 15] and [722, 725 ], presented in Box
2.

Assuming that the first d outputs are linear
and the rest s-d non-linear, we introduce the
segmentation defined in (10) to the total virtual
outputs in models (8) and (9), which now take
the form:

U(YL Euy +Zu61L+Zu 62L
r= d+1 = (1+1

U(YU Zu y o+ Z u, 51U + E u, 62”
r=d+1 r=d+1

(12)
Similarly, the total virtual inputs in (8) and
(9) take the form (13) as follows:

Evz ij + Z ’U“")/].l] + E 0127211

i= H»l i=t+1
similar. Indeed, if 2! € [z, 2] isaspecified u
X v va: v 1 v, 20
threshold within the range of input i, each in- Z + ,;1 Yy ,;1 24y
terval [z, ] is decomposed in two intervals (13)
Box 1.
L : U 0 U U
Y, if gy, <y, Y, if y, <y,
L L U
61rj = yrj lf y < yr — yr] 61rj - ?/S lf yr] S yr — yr]
g if Yl <yl g if oyl <y w0
0 if yg < y:’ 0 if yU < y“
62fj = 0 if yfj < y? < yg 5252. = yTjU —yf if y < yT < yrj
L 0 . 0 L U 0 - 0 L
Y, —Y, if y <y, Y, —Y, ity <y,
Box 2.
337.]," if V< x? :z:ijU if :rijU < :L’lo
71; = %L if xijl‘ < a:zo < x;] 71;]. m? if mijL < :vlo < xijU
z! if o <az' z! if o <z’
an
0 if :c;] < x? 0 if IZ < a:?
A/ij = 0 if :UU.L < a:? < x;] 725 = my —x if xijL < .Z';) < $Z
a:i].L — x}o if w? < xijL xf]] — a:i if xln < fvi].L
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where the first # inputs are assumed linear and
the rest m-¢ non-linear.

Introducing (12) and (13), the DEAmodels
for estimating the upper and lower efficiency
bounds in the presence of concave virtual out-
puts and convex virtual inputs are as follows:

Upper efficiency bound h],U

T o

(
U(Y”) Ux“y<o
U(YL) U(X”)<0 j=1...n,

77y

U(XL) = szxz + Z ’U“")/lf; + Z quﬂi
i= H»l i=t+1

XU Zv ¥ + Z vllylf + i ’U7.2723

i= 1+1 i= t+

YL)fzuy + Zu 61L+ Zu 62L

r= d+1 = zl+1

Y[)—Zuy[/+ Zu 61U+ Zu 62L

r=d+1 r=d+1
(T cruﬂZO,r—d—ﬁ—l,..., (c. >1)
—v, +v,2, >0, i=t+1...m (0<z <1)
u,v, >0 r=1..di=1.1
U U,,0,,0, >0 r=d+1..si=1+1..,m

rl? Tr2? Yil?

(14)

Lower efficiency bound h;‘
maxh’ =U(Y")

o o

s.t.

UX"y=1

U(YL)—U(Xf])SO

U(YU)_U(XL)<0 J=1..,n, ]ijo
X )—va +Zv7171 + 111272

i= t+l i=t+1

+ Z ,Ull’yl(/ + i vL‘ZFleij

1= i+1 i= t+1

Y)—Zuy +Zu61 +Zu 62

= d+l = d+]

Y”)*Zuy + Zu 61’ + Zu 62”

r=d+1 r=d+1

U(x') =

u, —cu, 2 0,r=d+1..,5 (c >1)

—v, +v,2 >0, i=t+1L...m (0<z <I)
u,v, 20 r=1...di=1..1

U U, U0, 20 r=d+1. s i=t+1..,m

(15)

The last two constraints in the linear pro-
grams (14) and (15) drive the concavity and
the convexity of the value functions for the
non-linear outputs and inputs respectively. The
parameters ¢, and v, are case-depended user-
defined constants that adjust the sharpness of
diminishing (increasing) returns. The higher is
the value of the parameter ¢, the sharper is the
effect of the diminishing returns in the effi-
ciency assessments. Analogously, the smaller
is the value of v, the more intense is the increas-
ingreturns, which in the case of inputs interprets
as sharper penalization of the excess inputs, i.e.
input values exceeding the threshold

x 6[ min $Wax]

i

ILLUSTRATIVE EXAMPLE

To illustrate our approach, consider the follow-
ing example with 21 units, which are evaluated

in terms of two inputs z,,z,

and two outputs
Y,,Y,, all of interval type (see Table 2).
We assume that the output y, is non-linear,

exhibiting diminishing returns beyond the
threshold value yg =63. Thus the virtual output
for y, is modeled as a piece-wise linear non-
decreasing concave value function. Applying
the data transformations described in (10), we
get the augmented interval data set of Table 3.
In accordance to Table 1 and with reference to
the non-linear output y,, the units can be parti-
tioned in three classes, with respect to the posi-
tion of their interval output relative to the
threshold value yg =63: The units s1-s7 belong
in class (1), the units s8-s14 belong in class (ii),
whereas the units s15-s21 belong in class (iii)
(see Figure 2).

Models (14) and (15) applied to the inter-
val data set of Table 3 enable the estimation of
the upper and lower efficiency bounds in the
presence of the non-linear output y, . To control
the sharpness of concavity of the non-linear
output y, we set the parameter value in models
(14) and (15) at ¢,=3, i.e. we introduce the
constraint u, — 3u,, > 0 for the unique non-
linear output y,. The higher the value of the
parameter ¢, the more sharply the diminishing
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Table 2. Input/output data of interval type

Unit
xl $2 yl y2
sl [118 125] [74 79] [209 213] [56 59]
$2 [101 113] [37 42] [208 218] [57 59]
s3 [115 121] [23 36] [259 265] [5157]
s4 [111 120] [69 75] [216 222] [58 61]
s5 [108 141] [42 47 [222 239] [60 62]
$6 [109 149] [25 45] [241 252] [58 61]
s7 [105 151] [35 40] [250 260] [45 58]
s8 [130 135] [87 88] [205211] [56 64]
$9 [121136] [75 79] [206 208] [52 65]
s10 [125 152] [59 69] [201 208] [58 71]
sil [121138] [65 87] [267 297] [60 71]
s12 [125 165] [28 36] [260 261] [52 69]
s13 [138 162] [30 52] [248 265] [58 68]
sl4 [143 151] [49 52] [211231] [49 71]
s15 [139 155] [35 38] [215219] [65 69]
s16 [171 183] [67 78] [209 215] [69 75]
s17 [169 153] [55 67] [204 208] [67 71]
s18 [139 159] [28 43] [241 246] [68 70]
s19 [163 178] [52 78] [271281] [67 74]
520 [159 163] [60 70] [262 272] [65 74]
s21 [176 193] [2747] [228 246] [7175]

returns affects the contribution of the output y,
to the efficiency score of the evaluated unit.
Table 4 presents the upper and lower effi-
ciency scores as estimated first by the interval
DEA models (8) and (9), where all inputs and
outputs are assumed linear and then by the new
models (14), (15) that assume a non-linear

value function for the interval outputy, .

It is made clear from the results in Table
4 that the assumption of diminishing returns
for output y, has as effect a general decrease in
the efficiency scores of the units. The effect is
more intense for the units in class (iii), whose
output values for y, exceed the threshold value

yg =63.
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Table 3. The augmented interval data set

units 7, , Y, b1, 6171 | [62L, 82
s1 [118 125] [74 79] [209 213] [56 59] [00]
52 [101 113] [37 42] [208 218] [57 59] [0 0]
$3 [115 121] [23 36] [259 265] [51 57] [00]
s4 [111 120] [69 75] [216 222] [58 61] [00]
$5 [108 141] [42 47] [222 239] [60 62] [00]
56 [109 149] [25 45] [241 252] [58 61] [00]
s7 [105 151] [35 40] [250 260] [45 58] [00]
s8 [130 135] [87 88] [205 211] [56 63] [01]
$9 [121 136] [75 79] [206 208] [52 63] [02]

s10 [125152] [59 69] [201 208] [58 63] [0 8]
s11 [121 138] [65 87] [267 297 [60 63] [08]
s12 [125 165] [28 36] [260 261] [52 63] [0 6]
s13 [138 162] [30 52] [248 265] [58 63] [05]
sl4 [143 151] [49 52] [211231] [49 63] [08]
s15 [139 155] [35 38] [215219] [63 63] [2 6]
s16 [171 183] [67 78] [209 215] [63 63] [612]
s17 [169 153] [55 67] [204 208] [63 63] [4 8]
s18 [139 159] [28 43] [241 246] [63 63] [57]
s19 [163 178] [52 78] [271 281] [63 63] [411]
$20 [159 163] [60 70] [262 272] [63 63] [211]
s21 [176 193] [27 47] [228 246] [63 63] (8 12]

Table 5 exhibits the sample linear program
(14), which estimates the upper bound of ef-
ficiency scores A, for the unit s14, which was
initially rated efficient by model (8) and then
inefficient by the model (14).

The optimal weights u,, and u,, estimated
by the linear program of Table 5 for the two

sub-intervals [45, 63] and [63, 75] of the non-
linear output y, of unit s14 are u, =0.0141 and
u,,=0.0047. Figure 3 depicts the associated
value function assessed for the non-linear
output y2 (solid line) together with the linear
value function of y,, as assessed by model (8)
for the same unit s14 (dotted line).
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Figure 2. The interval data of output y,
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CONCLUSION

This paper extends the piece-wise linear ap-
proach, originally developed for standard DEA
models, to the case of interval DEA. Our mod-
eling approach concludes with a couple of
linear programs capable of estimating a

bounded efficiency interval [i7,h]]for each
evaluated unit in the presence of input/output

dimensions, for which the linearity assumption
for the value functions permeating the standard
DEA methodology cannot be validated. The
models (14) and (15) assume concave value
functions for non-linear outputs and convex
value functions for the non-linear inputs. How-
ever, as long as the form of the value functions
is specified through constraints on the weights,
any other case-specific form can be defined by

Figure 3. Partial value functions as assessed for output y, of unit s14

1
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UG, 0.5
0.4
0.3
0.2
0.1

Unit 514
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—®— piecewise virtual output
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2
= 4 - linear virtual output
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Table 4. Lower and upper bounds of efficiency scores

Models (8) and (9) Models (14) and (15) with c,=3
Units h* h" h* h"
s01 0.7631 0.9909 0.7660 0.9912
s02 0.8809 1 0.8797 1
s03 0.8845 1 0.8821 1
s04 0.8233 1 0.8265 1
s05 0.7358 1 0.7353 1
s06 0.6998 1 0.7115 1
s07 0.7094 1 0.7065 1
Average of Class (i) 0.7852 0.9987 0.7868 0.9987
s08 0.7065 0.9753 0.7101 0.9658
s09 0.6514 1 0.6652 1
s10 0.6511 1 0.6510 1
sll 0.785 1 0.7821 1
s12 0.6768 1 0.6756 1
s13 0.6378 1 0.6401 1
sl4 0.5773 1 0.5802 0.9508
Average of Class (ii) 0.6694 0.9964 0.6720 0.9880
s15 0.7452 1 0.7302 1
s16 0.6438 0.8688 0.6081 0.7765
s17 0.7476 0.8871 0.7198 0.8263
s18 0.7539 1 0.7173 1
s19 0.6474 0.9762 0.6420 0.9034
s20 0.6864 0.9260 0.6891 0.8805
s21 0.6537 1 0.6052 1
Average of Class (iii) 0.6968 0.9511 0.6730 0.91239
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Table 5. The LP program (14) for the unit s14: estimation of hlU4

RHS
Ul UZ ul u21 u22
143 49 0 0 0 = 1
125 79 209 56 0 < 0
113 ) 208 57 0 < 0
121 36 259 51 0 < 0
120 75 216 58 0 < 0
141 47 222 60 0 < 0
149 45 241 58 0 < 0
151 40 250 45 0 < 0
135 88 205 56 0 < 0
136 79 206 52 0 < 0
152 69 201 58 0 < 0
138 87 267 60 0 < 0
165 36 260 52 0 < 0
162 52 248 58 0 < 0
143 49 231 63 8 < 0
155 38 215 63 2 < 0
183 78 209 63 6 < 0
153 67 204 63 4 < 0
159 03 241 63 5 < 0
178 78 271 63 4 < 0
163 70 262 63 2 < 0
193 47 228 63 8 < 0
0 0 0 1 3 < 0
0 0 231 63 8 max hy,
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restricting the weights appropriately. Our mod-
eling approach enables models (14) and (15)
to carry out the efficiency assessments when
different types of input/output measures are
involved, such as linear and/or non-linear inputs
and outputs with exact as well as with interval
measures.
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